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Lattice points in some special three-dimensional
convex bodies with points of Gaussian
curvature zero at the boundary
Ekkehard Krätzel
Abstract. We investigate the number of lattice points in special three-dimensional convex
bodies. They are called convex bodies of pseudo revolution, because we have in one
special case a body of revolution and in another case even a super sphere. These bodies
have lines at the boundary, where all points have Gaussian curvature zero. We consider
the influence of these points to the lattice rest in the asymptotic representation of the
number of lattice points.
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1. Introduction and statement of result
Let F denote the distance function of the convex body PR3. That is









PR3 = {(t1, t2, t3) ∈ R3 : F (t1, t2, t3) ≤ 1}.
It is assumed that κ, k ∈ N, 2 ≤ κ ≤ k, k > 3, κ a divisor of k. Then we have
a body of revolution for κ = 2 and a super sphere for κ = k. Therefore, we call
PR3 a body of pseudo revolution in general.
We consider the points (t1, t2, t3) at the boundary and we are confined to the
points t1, t2, t3 ≥ 0 without loss of generality. We put
F (t1, t2, t3) = 1, t3 = f(t1, t2),
where f is given by
f(t1, t2) =
(







The Gaussian curvature in such a point is defined by
K =
H(f(t1, t2))





where H(f(t1, t2)) denotes the Hessian
H(f(t1, t2)) = ft1t1(t1, t2)ft2t2(t1, t2)− f2t1t2(t1, t2).
In the present case we find by means of long but simple calculations
K =













From this it is seen that we have the following points with Gaussian curvature
K = 0 at the boundary:
(1) Body of revolution (κ = 2): The curve
t21 + t
2
2 = 1, t3 = 0
and the isolated points (t1, t2, t3) = (0, 0,±1).
(2) Super sphere (κ = k): The curves
tk2 + t
k








2 = 1, t3 = 0.
(3) Body of pseudo revolution (2 < κ < k): The curves
tk2 + t
k








2 = 1, t3 = 0.
The flat points (t1, t2, t3) = (0, 0,±1) are of exceptional importance in all three
cases and the points (t1, t2, t3) = (±1, 0, 0), (t1, t2, t3) = (0,±1, 0) are meaningful
as well in the cases (2) and (3).
The aim of the paper is to investigate the number of lattice points in the dilated
body of pseudo revolution xPR3, that is:
(1) Ak,κ(x; PR3) = #
{
(n1, n2, n3) ∈ Z3 : (|n1|κ + |n2|κ)
k
κ + |n3|k ≤ x
}
.
Especially we study the influence of the points with Gaussian curvature zero to
the asymptotic representation of Ak,κ(x; PR3).
In [3] a detailed description is given for the case of super spheres. See also the
paper [5]. Therefore, we are here in the first place interested for the case κ < k,
but we do not exclude the case κ = k.
It is not too hard to obtain the following asymptotic representation for
Ak(x; PR3) from the results of the paper [7]:
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The second main term Hk,κ,1(x) is a certain function of x coming from the flat




Analogously, the third main term Hk,κ,2(x) is a certain function of x coming from






The first error term results from the other points with Gaussian curvature zero
and the second error term results from the points with Gaussian curvature non-
zero.
In this paper we will give explicit representations of the second and third main
terms which automatically show that the above upper bounds are at the same
time lower bounds. Further we give an improved estimation of the first error
term.
Let the generalized Bessel functions J
(k)







































which is absolutely convergent for ν > 1k . For a proof see [3].
Theorem 1. Let κ, k ∈ N, 2 ≤ κ ≤ k, k > 3, κ a divisor of k. Then
(4) Ak,κ(x; PR3) = vol(PR3)x
















































2. Preparation of the problem
We find, by symmetry,
Ak,κ(x; PR3) = 16(S1,2,3 + S1,3,2 + S3,1,2) +O(x),









with the summation conditions
SC(Si,j,k) : 0 ≤ ni ≤ nj ≤ nk, (nκ1 + nκ2)
k
κ + nk3 ≤ xk ,




We begin the summation process in each sum with ni.






















and n2 otherwise. If we use [y]+
1
2 = y−ψ(y), we get a term which can be written

























: 0 ≤ t1 ≤ n2 ≤ n3, (tκ1 + nκ2 )
k
κ + nk3 ≤ xk,
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where D2,3 denotes the domain
D2,3 =
{




k − tκ2 < tκ2 ≤ tκ3
}
.
In the next step we sum over n2 in S
(1)
1,2,3 and obtain similarly
16S1,2,3 = S
(2)





















: 0 ≤ t1 ≤ t2 ≤ n3, (tκ1 + tκ2 )
k







































In the last step we sum over n3 in S
(2)
1,2,3 and finally we obtain
(10) 16S1,2,3 = S
(3)




















: 0 ≤ t1 ≤ t2 ≤ t3, (tκ1 + tκ2 )
k



























In the same way we obtain for the other triple sums:
(13) 16S1,3,2 = S
(3)




















: 0 ≤ t1 ≤ t3 ≤ t2, (tκ1 + tκ2 )
k



















































: 0 ≤ tk1 ≤ xk − (tκ1 + nκ2 )
k





















k − tκ2 < tκ3 ≤ tκ2
}
.
Finally, we obtain for S3,1,2
(18) 16S3,1,2 = S
(3)




















: 0 ≤ t3 ≤ t1 ≤ t2, (tκ1 + tκ2 )
k
κ + tk3 ≤ xk,


















































































(t1, t2) ∈ R2 : 0 ≤ xk − (tκ1 + tκ2 )
k
κ < tk1 ≤ tk2
}
.
3. Representation of the triple integrals









which is the main term in (4).
4. Representation and estimation of the double integrals
We begin with H2,3(x). We write the integration condition in (12) in the form










k ≥ xκ2−κk .
We integrate only up to xκ 12 . The remainder is of order x. Hence, by substituting





























Putting tκ1 + t
κ
2 = z

















































where again the integral from 0 up to (1− z−k/κ)1/k is of order 1x . By means of
the Fourier representation of the ψ-function,



































































H2,3(x) = Hk,κ,1(x) +O(x)
and the representation (5) is obtained. The asymptotic representation of the
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Thus, the estimations in (5) are clear.
In order to obtain the term Hk,κ,2(x) we add H3,2(X) and H1,2(x). Then we
get from (15) and (20)




































k − tκ1 .
By means of the substitution tκ1 = (1− tk3)κ/k − zκ we obtain




























k ≤ zk, tk3 + zk ≤ 1, 0 ≤ t3 ≤ z.








: tk3 + z




The integral over the new domain is of order 1x which can be seen by partial















zκ−1 (tκ − zκ)
1
κ
−1 ψ(xz) dz +O(x).

















−1 ψ(xtz) dz +O(x).
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We take the integral with respect to t from 0 up to 1, since the new part of the
integral is of order 1x . As in case of H2,3(x) we use the Fourier representation












































H3,2(x) +H1,2(x) = Hk,κ,2(x) +O(x)
and the representation (6) is obtained. For the asymptotic representation we
use (24). Clearly, the integral from 0 up to 12 is of order
1
x . Therefore, we use the
asymptotic representation of the generalized Bessel function from Lemma 3.11























































The remaining integral has a singularity at t = 1. We obtain the asymptotic
representation of the integral very easy by means of Chapter 3, Section 11 from [1].
We use a special case of formula (11.6) on page 24: Let φ(t) be continuously
differentiable in α ≤ t ≤ β. Let φ(α) = 0. Then, if 0 < µ < 1,
∫ β
α











The condition φ(α) = 0 is not necessary. In case of φ(α) 6= 0 the point α yields
























Hence, the estimations (6) follow immediately.
Lattice points in some special three-dimensional convex bodies . . . 765
5. Estimations of sums and integrals
The aim of this chapter is to estimate the sums and integrals (9), (16) and (21).
Lemma 1. Assume that for all z with 12 ≤ z ≤ 1 and for all τ with x
k































































































Now we put t1 = (x




























= −16(I1 + I2) +O(x).
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In I2, where the integral is taken from y up to 2
−1/κ, we use the Fourier




































































































We estimate the sum over n3 with van der Corput’s simplest theorem (see














Then the estimations of I1 and I2 are equal and we obtain (25). 

























Proof: The proof is quite the same as the proof to Lemma 1 such that we omit
it. 
































































































Here we have the same situation as in Lemma 4.8 of [3]. Using this result (27)
follows immediately.
Estimations of the error terms ∆k,2,3(x), ∆k,3,2(x), ∆κ,1,2(x): G. Kuba [8]
has pointed out thatM.N. Huxley’s [2] method is applicable to the above sums.






















































This gives the first term in the estimation (7). 
6. Estimations of the double sums
In order to estimate the sums (8), (17) and (22) we apply Theorem 3 in [4]
or, what is the same, Satz 4.4 in [6]. For this purpose the domains D2,3, D3,2
and D1,2 must be divided into some subdomains. The technical realization is
worst of all in case of D1,2. The both other cases are somewhat simpler and the
calculations are in principle the same, but easier. Therefore, we consider only the
estimation of ∆1,2(x), which is given by (22).
Now let
f(t1, t2) = −
(


























Let ν1, ν2 be non-negative integers. Then we consider the following subdomains
D1,2(ν1, ν2) of D1,2:
D1,2(ν1, ν2) =
{
(t1, t2) ∈ R2 : 0 ≤ xk − (tκ1 + tκ2 )
k
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(k − 1)tκ1xk + (κ− 1)tκ2
(




and for the Hessian
H(f) = ft1t1ft2t2 − f2t1t2
= (t1t2)
















(k − 1)tκ1xk + (κ− 1)tκ2
(






(k − 1)tκ2xk + (κ− 1)tκ1
(







(k − 1) (tκ1 + tκ2 )
k
κ + (k − κ)
(






From this we get after some calculations



















Now we apply Theorem 3 from [4] or Satz 4.4 from [6]. The following assump-
tions of that theorem are certainly satisfied in the domain D = D1,2(ν1, ν2):
(A) Let D be a compact domain defined by
D = {(t1, t2) : a1 ≤ σ(t2) ≤ t1 ≤ ̺(t2) ≤ b1, a2 ≤ t2 ≤ b2},
with c1 = b1−a1 > 1, c2 = b2−a2 > 1, where c1, c2 are so small as possible. As-
sume that σ(t), ̺(t) are partly monotonic and two times differentiable in [a2, b2].
(B) Let f(t1, t2) be a real-valued function in D with continuous partial derivatives
up to the third order.
(C) Let
|ft1t1 | ≍ λ11, H(f) = ft1t1ft2t2 − f2t1t2 , |H(f)| ≍ Λ.
770 E.Krätzel
(D) Suppose that α1 ≤ ft1 ≤ β1, γ1 = β1 − α1.
(E) Let the function (ϕ(y, t2), t2) be defined by
ft1(ϕ(y, t2), t2) = y.
Let η(t) = ̺(t), σ(t), ϕ(y, t). Then suppose that the functions
η′′(t), ft1t1(η(t), t)η
′(t) + ft1t2(η(t), t),
ft1t1(η(t), t)ft1(η(t), t)η
′′(t)






























(| log Λ|+ | logλ11|+ 1)2.

































x(log ν1 + log ν2 + log x)
2.
We may sum over ν1 such that 2
ν1 ≤ √x, because the trivial estimation of the




Analogously we obtain the same estimation for ∆2,3(x) and ∆3,2(x). This gives
the second term in (7).
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